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Attempt any one : 7
(1) Prove that a subset E of [a, b] is measurable if and only if for given ¢ > 0,

there exists open sets G, and G, such that G, o E, G, o E and |G1 N GZ‘ <e.

(2) If E c [0, 1], then show that mE + mE = 1. Further, deduce that E is
measurable if and only if mE + mE < 1.
Attempt any two : 4

(1) Let E c [a, b] be measurable. Prove that there exists a closed set F < E and

an open set G 2 E such that |G| - |F| < %

(2) Prove that every open subset of [a, b] is measurable.

(3) LetE=10,1] v {2, 2, 4} < [-5, 4]. Determine mE by the definition of
outer measure.

Answer in brief : 3

(1)  Give the definition of length for a closed subset of [a, b].

(2)  Give the definition of outer measure for a subset E of [a, b].

(3) True or False : If mE = 1, then E is singleton set.

Attempt any one : 7
(1) State and prove the Caratheodary test for measurability.

(2) IfE, and E, are subsets of [a, b] then prove that mE, + mE, > m(E; U E,) +
m(E;, NE,) and mE, + mE, <m(E, UE,) + m(E, N E,).
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Attempt any two :
(1) LetE =10, 1] n Q. Show that the function f(x) = ) (x) is measurable on

[0, 1] by definition.

1
(2) Iff:[a, b] > (0, ) is measurable then show that the function T is also

measurable on [a, b].
(3) IfE, and E, are measurable sets and E, — E,, then show that E, — E, is

measurable and m(E; - E,) = mE, —mE,.

Answer in brief :
(1) IfmA=0andB = {1}; what is the measure of A U B ?
(2) Define : Isometry.

(3) True or False : Every measurable function is continuous on [a, b].

Attempt any one :

(1) If fand g are bounded measurable functions in L[a, b], then prove that f + g
b b b

isin L[a, b] andijrg:ijrjg.
a a a

(2) Prove that every bounded measurable function on [a, b] is Lebesgue
integrable on [a, b].
Attempt any two :

(1) Prove or disprove : If fis a non-negative bounded measurable function on
b

[a, b] such that j f=0,thenf=0, a.e. in [a, b].

a
(2) Let E, and E, denote the set of rationals and irrationals is [0, 1]
1

respectively. If =y + y; , then compute j f.
1 2
0

(3) LetE,=[0,1]n Q,E,=[0,1] - E, and P = {E,, E,} be a measurable
partition of [0, 1]. If f(x) = x% on [0, 1] then compute u(f, P).
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Answer in brief : 3

1
(1) Iff(x)= sinxand E= {H ‘n e N}, then what is the value ofj £?

E
(2) Give the definition of measurable partition of [a, b].
(3) True or false : Ifj f=0,then f=0, a.e. in E.
E
Attempt any one : 7

(1) State and prove the Lebesgue’s dominated convergence theorem.

(2) State and prove Fatou’s Lemma and deduce the monotone convergence

theorem.

Attempt any two : 4
(1) What we mean absolute continuity of the Lebesgue integral ?

(2) If ameasurable function f € L[a, b] and A € R, then show that

b b
jkf=kjf.
a a
(3) Iff(x)=1-cosx, 0<x<m,then find f" and f".

Answer in brief : 3
(1) Explain what we mean by the countable additivity of the Lebesgue integral.
(2) Let f be a measurable function on [a, b]. Show that f € L[a, b] if and only if

| f| € L[a, b].

(3) Trueorfalse:feL[0,1]= f2 e L[0,1].

Attempt any one : 7

(1)  Prove that the metric space L,[a, b] is complete.

(2) Determine the Fourier series of the function f(x) = 3x2.
3 P.T.O.



b) Attempt any two :
( pt any
(1) State and prove Schwarz’s inequality.

(2) State and prove Minkowski’s inequality.

(3) Determine the Fourier series of the function f(x) = sin x cos x + sin® x — cos? 3x.

(¢) Answer in brief :
(1)  When do we say that a trigonometric series is a Fourier series ?
(2) Show that C[a, b] = L?[a, b].
(3) Trueor false : If f, g € L,[a, b], then fg € L[a, b].
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